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Relevant Definitions
Definition 4.2.4 S(R") is the linear space of ¢ € C*°(R") satisfying
‘llim lz[F|D*p(x)] = 0
for all £ =0,1,2,... and all . §(R"™) is called the Schwartz space.
Definition 4.2.38 Let ¢ € C*°(R). For each pair of integers k > 0, m > 0, set

Pmi(p) = max sup ]Djw(x)|.

0<j<k _m<z<m

Corollary 4.2.47 A sequence ; of function in C*°(R") converges to ¢ if, for every
m, k
Jim po (0 — @) =0

Definition 4.2.60 For ¢ € S(R") set

¢mk(p) = max sup |z[™[D%(z)|.

lo| <k zeRrn
Definition 4.2.61 A sequence ¢, is said to converge to ¢ in S(R") if
jlijgo Gmk(pj — ) =0

for all m, k € NU {0}.
Definition 4.2.51 A sequence g, is said to converge to 0 in C§°(R") if

1. there is an R such that ;(x) = 0 when |z| > R, for all j,and

2. for each k, the seminorms pg;(p;) approach 0 as j — oo.

1. Show that the family of semi-norms

Cm(¥) = sup max (14 [[z[|™)[D*(¢(x))]

z€Rn 0<|a<k

generates the usual topology on the Schwartz space S(R™).



Solution. To show that the two topologies are equivalent requires convergence in one
iff convergence in the second. Consider the “standard” family of semi-norms on S(R"),

Gm k() = sup max |[z|["[D*(¢(x))].

zeRn 0<]a|<k

Showing convergence in one implies the second, and vice-versa, requires placing a bound
on one family of semi-norms in terms of a linear combination of the second family of
semi-norms.

I will first show that I can bound ¢y, in terms of ¢, z. Fix m,k € N. This direction
is easy, as by definition g, x(¢) < (ni(¢). The second direction follows immediately,

since Cm,k(¢) < Qm,k(¢) + 2q0,k(¢)

.. Gm i generates the same topology as g, k-

. Problems 4.2.62 and 4.2.63, Pg. 1-216 in the book.
(4.2.62) Let ¢ € S(R) and define

1 =z
pi(r) = ;‘P(;)

Does ¢ — 0 according to Definition 4.2.607
Solution.

Definition. (4.2.60) For ¢ € S(R"), set

def ml o
Gm,k(¢) = max sup [z|™|D¢(z)].
lo| <k zeRrn

A sequence is said to converge to ¢ in S(R"), if

lim ¢px(¢; — @) =0, Vm,k=0,1,...
j—oo

To show that ¢; converges to 0, according to Def. (4.2.60), I must show that g, x(¢;) —
0, for all m, k. So then

lim g .x(¢;) = lim maxsup |z|™|D%p;(x)]
Jj—oo J—oo |a|<k zeR

1

= lim maxsup |z|"|D*=d(x /]

Jim macsup o D (/)
1

_ 1 m (@) .
jggogl‘gitelﬂglwl |0 (x/7)]

1
— lim maxsup ——|jz|™ @ (2 /4
j—00 |a\§kr€£ja+m+1 ljz|" ' (z/7)|



But, since maxjq|<y Sup,cg |iz|™|¢0'* (zj)| is bounded, since ¢ € S(R), then we have
that

B g () = 0 (1)

Therefore we see in Eqn. 1 that ¢; indeed will converge to 0, according to the above
definition.

(4.2.63) Let ¢ € S(R). Set ¢; = ¢/j. Does this sequence converge in S(R)? In
CP(R)? Set ¢; = p(jx)/j. Does this sequence converge in S(R)?

Solution. First we show that ¢, will converge in S(R).

lim ¢ x(¢;) = lim maxsup |z|™|D%;(x)|
Jj—00 J—o0 |a|<k zeR

1
= lim maxsup |z|"|D*=d(x
lim masup 1] D ~(z)

1
= lim maxsup ~|z|™¢@ (x
i maesup <[o/"]) ()

But since ¢ € S(R), we know that

max sup |z|™|¢\® (z)| < oo
lo|<k zeR

Hence as j — oo, we have that ¢, — 0, so we have that ¢; will converge to 0 in
S(R), according to Def. (4.2.60).

To show that ¢; does not converge in C5°(R), we simply look at some a € R such
that ¢(a) # 0. Then ¢; # 0, which contradicts a necessary condition for a sequence
to converge in C§° which states that ¢; must vanish for all j, when x is sufficiently
large(independent of 7).

Finally, we wish to consider the function ¢;(x) = ¢(jz)/j. I note here that

D%y = j* ¢! (jz))|
then we have

lim max sup |a:|mja_1|¢(a) ()|
j—)OO Océk rER

= lim maxjk_m_1|jw|m|¢(k) (7k)]

j—oo zER

and since ¢ € S(R), we know that |jz|™|¢* (jk)| is bounded, hence ¢ will not converge
to 0 if & >m + 1.

. Problem 4.2.64, Pg. 1-216 in the book.

(4.2.64) Let p be a polynomial of one variable, and let ¢ € S(R). Show that pp € S(R).
If ¢; — ¢ in the sense of Definition 4.2.61, what can one say about the convergence of
the sequence py;?



Solution. We will show that p¢; will converge, using induction. First we consider a
first degree polynomial, p(x) = ax, where a < co. To show convergence, we must show
that p¢ converges according to Def. (4.2.60). So

jh_?gOQm,k(p@) = lim maxsup [z["|Dpe; ()]

J—o0 |al<k zcR
= lim maxsup |z|"|D%zx¢;(z)|
J—00 |a|<k zeR

= lim maxsup |z|"|az¢'® (z) + aap® V()]
J—o0 |al<k zcR

= W¢mila T AOGma-1

But since ¢ € S(R), we have that that ¢, < oo for all m,k =0, 1,.... Therefore the
sum above is finite, given that a,a themselves are finite, and we have that for a first
degree polynomial, p¢ will converge.

Next, we will assume that p¢ converges for an n'"* degree polynomial p, and show that
it will converge for an (n+1)%" degree polynomial. In the analysis that follows, I ignore
all lower degree polynomials, since they are assumed to converge. Again, let a > 0

lim g i(pp;) = lim maxsup|a[™|D%pe;()|

J—00 |al<k zeR

= lim maxsup |z|"|D%ax" ¢; ()]
J—oo |a|<k zcR

(e}

< lim maxsup |z|™ Z ailxn+1—i¢§a—z’)’
Jj—oo |a|<k zeR po

where if n + 1 < 7, then let 2"~ = 1, and all constants are absorbed into the a;’s.
Then

« «

lim maxsup |z|™ Z ai|x”+1_i¢§a_i)| = lim maxsup Z ai|x|m+"+1_i|¢§a_i)
J—00 |a|<k zeR i—0 j—oo |al<k geR =0

(0%
= g m+1—i,a—i
i=0

But since each of the ¢, < oo, we have that the sum is finite also. Thus, we have
that p¢; converges, when p is an (n + 1) degree ploynomial. Therefore we have that,
given that p is a polynomial, and that ¢; € S(R), then p¢; converges according to Def.
(4.2.60).

4. Problems 4.2.67 and 4.2.69, Pg. [-217 in the book.

(4.2.67) Prove that PV 2 is a continuous linear function on S(R).
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Solution. To show that PV% is a continuous linear function on S(R), we essentially
only need to show that PV% is sequentially continuous, since showing linearity is trivial.
Here we will make use of ¢, as defined in Def (4.2.60).

Suppose that there exists a sequence ¢,, € S(R) such that ¢, — ¢, ¢ € S(R). Without
loss of generality, let ¢, — 0 for the purposes of this computation. Then we have that
for PV1(¢y,), for n € N there exists some € > 0 such that

(b”—(x)dx

lz|>e T

PVi(p,) = lim

e—0

' Pn(2)
= / U (x)dr + ——=dx where 1 is defined to be
-1 |z|>1

X
_ ¢n($);¢n(0)’ T 7& 0
vnle) = {as;(x), e =0

Then

T

dx (2)

1
PViGn) < [ la@le+ |
-1 |z|>1
Now we also know from the definition of ¢, ; above, that

Go1(¢) = maxsup [DG(z)[,  quo(¢) = sup |z[¢(x)

|al<1 zeR zeR
Hence
|6, (2)] < qo1(¢n), and that
20, ()] < q10(én)

Inserting the inequalities into Eqn 2, we have that

1
1 Q1,0(¢n)
’PVJ: (¢n)} = /_1 qo,l(@l)dx - /|ac|>1 2 dr

= 2(]071(¢n> + 2q1,0(¢n)

But, since ¢, — 0, we have that g, x(¢,) — 0, forall m, k. Hence we have that

PV%((bn) — 0, given that ¢, — 0

Which, of course, implies that PV1(¢,,) is continuous on S(R). Therefore I have shown
that PV2(¢,) is a continuous, linear function on S(R).

(4.2.69) For ¢ € S(R), define



Is this a distribution (i.e., a continuous linear function)? (If it is a distribution, it
would be written

Solution. Consider the following, which uses the fact that ¢ € S(R)

P0(d;) = Suﬂg|$!2|¢j|
< o
U
n?|p(n)| < gz0(d(n))
6(n)] < G2.0(0(n))

n2

Which is clearly bounded.

Linearity is obvious here, and we can use the bound above to establish continuity.

T(p;) —T(p) = T(¢; — ¢), exploiting the linearity in T
= D (&;(n) = ¢(n))

n

< Y S @0(6) ~ mo(9)

= 0

Hence we have that ¢; — ¢ implies that T'(¢;) — T'(¢). Therefore we have that

n=—o0o
is a continuous, linear function, and thus satisfies the conditions of a distribution.

5. Continuity of the derivative operator on test function spaces

(a) If the sequence of smooth functions ¢; converges to 0 in C*°(R), show that the
sequence of derivatives ¢ also converges to 0 in C*°(R).

Solution. Start with the definition of convergence for a sequence of test functions in

.

lim pi(p;)) = 0Vm,k=0,1,...

J—00
lim pm7k(¢j) = m<aX sup |Da(¢]<x>)’
J—oo ask |jz|z<m



Now, given € > 0, M, g1 s.t. m > M g1,

jllIgopm,K+1<¢j> <E€

(=) lim max sup |D%¢;(x))| <e.

j—oo a<K+1 l|z]|2<m

Now, consider the quantity

I D%(¢;
jggo a-s-rlngaf}((—i-l HxSHZIIS)m ’ (¢J (z))]

= lim max sup |Da(¢,($))|

j—o0 a<K l|z]|2<m J
< lim max sup |D% o¢i(z))| <e€
< Jim max sup [D7(6,(2)

Therefore, given an € > 0, IM¢ 41 s.t. m > M g1,

lim max sup |D%(¢}(z))| <e

J=o0 as K |g)j,<m
and so

¢ — 0 C™.

(b) If the sequence of smooth functions ¢; converges to 0 in S(R), show that the
sequence of derivatives ¢ also converges to 0 in S(R).

Solution. Start with the definition of convergence for a sequence of test functions in

S.

lim ¢pi(¢;) = 0Vm,k=0,1,...

j—o0
lim gmx(¢;) = max sup |z|"|D%(p;(x))]
=00 ask ||z|l2eR

Now, given € > 0, M, g1 s.t. m > M g1,

lm g, i11(¢5) < €
j—00
= ) lim max sup |z|"|D%(¢,;(x))| <e.
(=) Jim mx, s J«f”1D°(6,(x)
Now, consider the quantity
li " D*(;
Jim a+rfl§af<(+1||fﬁ£@‘x’ | D%(())]

= lim max sup |z]"[D%(¢)(2))]
§=00 a<K |jg)|peR ’

< lim max sup [z["[D%(¢;(x))] <e€
j—>ooa§K+1HIH2€R| ‘ ‘ ( J( ))‘



Therefore, given an € > 0, IM, k41 s.t. m > M, g41,

lim max sup |D%(¢(z))] <e
jawagKanQEQ (¢5(x))|

and so

¢;—>O€S.

. The translation operator

Let x denote any of the usual test function spaces. Define the translation operator 7,
on a smooth function ¢ by 7,(¢) = ¢ <= ¢¥(z) = ¢(x — y).

In all subsequent exercises, take x to be S(R™).

(a) For any given a € R", show that 7, is a continuous linear map from y into itself.

Solution. Show linearity first, since it is easy.

Ta(@+¢) =[¢ +¢)(x —a) = ¢(z — a) + Y(z — a) = Ta(9) + 7a(¥)
so the mapping is linear.

For continuity, assume the sequence ¢; — 0. Fix m,k € N.
gmi(Ta(¢;)) = max sup |z|"|D%(¢j(z — a))]
[l <k |lafjcrn
= max swp (| —a+a]]"[D°(¢y(x - )
el <k ||z| R

< max sup (||z— al|+||al|)"|D(¢;(x — a))]
o] <k ||| cRm

= ) Cigmr(d;) =0
=0

where the last line utilizes a polynomial-like expansion. Therefore, ¢; — 0 =
To(¢j) — 7.(0) = 0. So, the mapping is continuous.

(b) For any given ¢ € x, show that the map y +— 7,(¢) is continuous, and for any fixed
x € R", the map y — [1,(¢)](z) is also in x.

Solution. Let x = S(R"™). Assume y; — 0. Then

max sup |[z|[" [D*[¢(z —y;) — ¢(2)]|

lo| <k zern

= max sup ||z||" |D*¢(x — y;) — D*¢(x)]
|| <k TER™

< ‘m@i sup ||z]|™ sup |D*T'é(x)| - ||y;|| (by the Mean Value Theorem)
QSR geR™ [x—y;,x]

< max sup ||z||™ | D" é(z)]| - ||y;]]
|| <k zeRrn

< g5l - gma+1(9)
— 0 (since y; — 0 and ¢, k+1(¢) is bounded).



Thus, the map y — 7,(¢) is bounded, and so it is continuous.
Now fix x € R™. Then
Gm i (¢(x — y)) = max sup |[y|[™ [D¢(z — y)|
la|<k yeRrn

=max sup |z —ul["|D%(u)| (letting u = x — y)
| <k (z—u)eR™

<max sup Z( )||w||m 3l |D26(u)] (letting v = 2 — y)

|a‘<k (z—u)€ER”

< ZHZBH Gk (9)

< 00 (since ¢ € x and x is fixed).

Thus, the map y — [1,(¢)](x) is also in x.

The proofs are similar for y = C§° and x = C*° in that the first part uses the mean

value theorem. The details are easier since we don’t have to estimate term of the form
[|]|™.

Let x = C°(R"). Assume y; — 0 and W.L.O.G ||y;|| < 1. Then, for any given m € N,
max sup |D*[¢(z —y;) — ¢(v)]|
laf<k ||z]|<m

=max sup |[D(z —y;) — D¢(z)|

|al<K ||zl <m

< |m|a>]§ sup | D*Té(z)| - ||ly;|] (by the Mean Value Theorem)
A=Kzl <m+1

< ysll - Pms1,e41(0)
— 0 (since y; — 0 and pp, 41 4+1(¢) is bounded).

Thus, the map y — 7,(¢) is bounded, and so it is continuous. The same argument
also works in C§°(R"™) once we recognize that, if supp((E) C {||x|| < R}, then for all
Jsupp(E(. —y3)) € {l[xI[ < L}, where L = sup; [jy;[| < oo.

Now fix x € R™. It is clear then ¢(z — y) = 7_.(¥(y)) where ¥(y) = —o(y). If ¢ is
smooth, then, 1 is also smooth. If ¢ is compactly supported, then so is 1. Finally, the
results from part (a) show that translation by —x preserves these properties.

(c) If T: x — R is a distribution, show that the operator 7,1 defined by 7,[T](¢) =
T(1_,(¢)) is also a distribution.

Solution. Assume T is a distribution, that is the mapping defined by T is linear
and continuous. To show that the operator 7;[T|(¢) is a distribution, I need to show
linearity and continuity.

To show that the operator is linear, consider

T(ry(¢+4) =T (14 (¢) + 7 (¥)) = T(7-4(¢)) + T(7(¥))

9



by linearity of T". So, the operator is linear.

Now, we need continuity. Assume ¢(z + y) = 7_4(¢) — 0. By continuity of T,
T(m—y(¢)) — T(0).

.. the given operator is a distribution.

(d) If the distribution 7" is obtained from a function F' with the usual identification
F i+ Tp, then 77 [Tr] = T, (F).-

Solution. Start with the definition of the mapping F' — T,
1) = [ F@ola)ds.

Now, follow through the calculations,

Tr(ry(¢)) = Tr((z+y))
= /_ F(z)p(x +y)dx

[e.9]

Now make a variable substitution in the integral to get,

Te(r,(9) = /wa—yWWMu

o0

Therefore, 7 [Tr] = Ty, ()

. Show that the mapping 7T} defined by

is a distribution on the Schwartz space S(R).

Show that the sequence T; converges in the sense of distributions on S(R)" and compute
the derivative of the limit distribution.

Solution. Show that the sequence T converges in the sense of distributions on S(R)’
and compute the derivative of the limit distribution.

So to prove that T} is a distribution we first note that it is clearly linear and to prove
continuity consider ¢; — 0 in the sense of S(R). Note that min(j, —log |z|) = — log |z|
for all |x| > e™7. For all x in magnitude less than ¢/ the minimum is clearly j.
Therefore we write for a fixed j,

fmwzf ,NMF/_ 1%Mwm1/ log || pidz
|z|<e—d e~ <|z|<1 |z|>1

10



We bound the above and introduce the absolute value bars into the integrand,

< [ et [ Doglellpdde+ [ logleliads
e I<|z|<1

a|<ed 2|21

We bound the |¢;(z)| < goo(p:), and also we use that |log |z|| < |z| for all |z] > 1. In
the middle integral we use that the integrand is continuous so,

ftoglalldo + [ lalloda

|lz|>1

1T (pi)| < 257 qo0(i) + qO,o(%‘)/

e~I<|z|<1

In the second integral over log|z| we note that the integral is over a finite interval
bounded away from 0. Finally use that

/ 2loilde = / 2Pl |2lPdz < gao(er) / 1lePde = 2g50()
|lz[>1 z[>1 lz[>1

Therefore each term above goes to zero since ¢; — 0 implies that g, x(p;) — 0 for all
m, k. Therefore each Tj is a distribution.

Now let’s posit the following limit for the 7} distribution, for any ¢ € S(R),

T(o) = - / log(|])p(z)dz

First we show that is the limit in the sense of distributions. Therefore consider the
difference,

i) -1 < | [ dete— (= [ onlebigiiir)

z|<e™J

‘ < d0o(¢) /| 1) = [~ log ] ldz

2] <e=i

Since the integral is eve, it is clear that

| — |—log |z|||dx = | — (— log(|x|)|dz
[ il 2/0<z<1‘=7 (— log(ja])

z|<e—J

Now consider that for the —log(|z|) is continuous away from zero, so we use this
continuity such that for the positive integral, |z — e™7| < n, |j — (=log(|z|)| = | —
log|e | — (—log(]z|)| < e. The bound imposed on x can also be written e/ —n <
x < e~/ +n, and since the positive side of integral has x < e/ then this requirement
is met.

T(p) = T5(@)| < qop()e

and we can make this as small as we want so the limit is obtained that T;(¢) — T'(p)
so the distribution converges in the distributional sense.

11



But is T a distribution? It is at least linear so Consider that for |z| < 1, that the

—log |z| is bounded by the function |z|~*/? which is certainly integrable, i.e. for ¢, €
S(R) — 0
Tl | 1= oslelledde s [ |- tosleDlelds

as we saw earlier the upper part of this integral is certainly well behaved. So we use
the same procedure as before to find

T(65)] < a00(s) / |~ log(|])|dz + 2qs0(;)

lz|<1

As we stated earlier,

/ |~ log(Ja])|dz < 2 / e 2w = 20177 = 2
lz|<1

O<z<1

So clearly T'(¢;) — 0 since the seminorms go to zero as j — oco. Therefore T' the limit
of T} is a distribution in S(R)".

To compute the distributional derivative of T', we use

T'(¢) = i T)(6) = ~lim T5()

J

We have, setting e = e/
1) = [ -logleld@idr+j [ s
|x|>e —e~J

= o@oglell + [ w1050 610) - 6(~)

|z|>€
[,
|z|>e—d xz

Taking the limit j — oo proves that 7" = PV%.
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